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In our introduction to Lie groups and Lie algebras, we saw that the gen-

eral rotation group in N dimensions is a Lie group. Its generators are the
1
2N (N −1) antisymmetric N ×N matrices. The general rotation group is
known as the SO (N) group where ’SO’ stands for ’special orthogonal’.

The generators of SO (N) are usually taken to be the antisymmetric
N ×N matrices, each with a single 1 entry above the diagonal and a cor-
responding −1 entry below the diagonal (all other entries are 0), with the
whole matrix multiplied by −i to make it hermitian. A general expression
for one of these generators is

J ij
(mn)

=−i
(
δmiδnj − δmjδni

)
(1)

The subscript (mn) means that the matrix has a 1 at row m and column n,
and a −1 at row n and column m. The superscript ij specifies the row i and
column j given by the expression. Thus J(mn) is an entire N ×N matrix
(not just a single element) and ij specifies which element we’re referring
to. The δs are the usual Kronecker deltas.

The expression 1 might look imposing, but can be understood as follows.
The first term δmiδnj means that in order to be non-zero, we must have i=
m and j = n, in which case δmiδnj = 1 and the second term −δmjδni = 0.
Conversely, in order for the second term to be non-zero, we must have i= n
and j = m, in which case the second term is −δmjδni = −1 and the first
term is zero. Thus the two terms together give us the desired antisymmetric
matrix described above. The −i just makes J(mn) hermitian, as we said.

The Lie algebra of SO (N) is given by the commutators of the generators
1. That is, the Lie algebra is given by[

J(mn),J(pq)
]ik

=
[
J(mn)J(pq)−J(pq)J(mn)

]ik (2)
Although it’s possible to derive the general formula by using an intuitive
argument (as is done in Zee’s group theory book in Chapter I.3), it is also
possible to do it by brute force, by applying 2 directly. In what follows I
use the summation convention, in which a repeated index in a single term
is summed from 1 to n. We’ll consider the two terms on the RHS of 2
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separately at first. Note that due to the −i in the definition 1 of J(mn), a
product of two J(mn)s is multiplied by (−i)2 =−1. We have

[
J(mn)J(pq)

]ik
=

N

∑
j=1

J ij
(mn)

Jjk
(pq)

= J ij
(mn)

Jjk
(pq)

(3)

=−
(
δmiδnj − δmjδni

)(
δpjδqk− δpkδqj

)
(4)

where we introduced the implied sum over j in the first row.
When we expand the RHS, we will get some terms in which the product

of two δs contains a common j index, which is summed. Such a sum always
simplifies:

δnjδpj = δnp (5)

This follows, because n and p have fixed values in the sum, and the only
non-zero term requires j = n in the first δnj and j = p in the second δpj .
Using this, we can write out 4 as

[
J(mn)J(pq)

]ik
=−

(
δmiδqkδpn− δmiδqnδpk− δmpδniδqk+ δmqδniδpk

)
(6)

We now consider the second term in 2. We have

−J(pq)J(mn) =
(
δpiδqj − δpjδqi

)(
δmjδnk− δmkδnj

)
(7)

= δpiδqmδnk− δpiδnqδmk− δpmδqiδnk+ δnpδqiδmk (8)

We now need to combine the terms from 6 and 8. To do this, recall
from 2 that we’re looking for the element in row i and column k in the
commutator. The first term in 6 is −δmiδqkδpn, so we look for another term
with a common factor of δpn = δnp, which we find as the last term in 8.
Thus we can combine these two terms to get

−δmiδqkδpn+ δnpδqiδmk = δnp
(
−δmiδqk+ δqiδmk

)
(9)

=−iδnpJ ik
(mq) (10)

where the last line follows by comparing with 1.
We can pair up the other terms, with one term from 6 and the other from

8, as follows:
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δmiδqnδpk− δpiδnqδmk = δnq
(
δmiδpk− δpiδmk

)
(11)

= iδnqJ ik
(mp) (12)

δmpδniδqk− δpmδqiδnk = δmp
(
δniδqk− δqiδnk

)
(13)

= iδmpJ ik
(nq) (14)

−δmqδniδpk+ δpiδqmδnk = δmq
(
−δniδpk+ δpiδnk

)
(15)

=−iδmqJ ik
(np) (16)

Putting it all together, we have

[
J(mn),J(pq)

]
= i
(
δnqJ(mp)+ δ

mpJ(nq)− δnpJ(mq)− δmqJ(np)
)

(17)

Example 1. As a check, we can work out the commutators for SO (3). As
a reminder, the 3 generators are

J(12) =−i

 0 1 0
−1 0 0
0 0 0


J(13) =−i

 0 0 1
0 0 0
−1 0 0


J(23) =−i

 0 0 0
0 0 1
0 −1 0


(18)

where we’ve written the indexes on each matrix to correspond with the no-
tation in 1. Then we have

[
J(12),J(13)

]
= i
(
δ23J(11)+ δ

11J(23)− δ21J(13)− δ13J(21)
)

(19)

The only non-zero δ is in the second term, so we have[
J(12),J(13)

]
= iJ(23) (20)

The other commutators can be worked out similarly.
Some of the index combinations may refer to Js that don’t exist, such as

J(11) in 19, but these can be taken to be zero.
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